Abstract. A famous configuration of 27 lines on a non-singular cubic surface in P 3 contains remarkable subconfigurations, and in particular the ones formed by six pairwise disjoint lines. We study such six-line configurations in the case of real cubic surfaces from topological viewpoint, as configurations of six disjoint lines in the real projective 3-space, and show that the condition that they lie on a cubic surface implies a very special property of homogeneity. This property distinguish them in the list of 11 deformation types of configurations formed by six disjoint lines in RP 3 .
1. Introduction 1.1. Segre classification of Real Schläfli (double) sixes. A sextuple of skew lines, L = {L 1 , . . . , L 6 }, in P 3 will be called a Schläfli six if there is some nonsingular cubic surface, X ⊂ P 3 , containing all these lines. A necessary and sufficient condition for existence of such cubic was found by Schläfli [5] : each subset of 5 lines L {L i } must have a common transversal, L 
. Note that cubic X is determined uniquely by a Schläfli six L, since L determines L ′ , and two irreducible cubics cannot have 12 common lines by Bezout theorem. Schläfli found that cubic surfaces may have 5 real forms, F 1 ,. . . , F 5 that contain respectively 27, 15, 7, 3, and 3 real lines (among 27 complex ones). We will be concerned only about real Schläfli six that is by definition Schläfli six whose lines are real. As Schläfli observed, it is only cubics of type F 1 that may contain real Schläfli sixes. In particular, for any real Schläfli six L the complementary one, L ′ is also real, and they form together a real Schläfli double six.
A deformation classification of real Schläfli (double) sixes was performed by B. Segre [4] , §61, who found 4 kinds of them. One way to distinguish these 4 kinds is to blow down the lines of a real Schläfli six on a cubic X which gives a real projective plane with 6 marked points in general position; "generality" here means that no triple of points is collinear and all six are not coconic. Figure 1 shows 4 six-point configurations on RP 2 representing these 4 kinds of real Schläfli six. We enhanced these configurations P to inseparability graphs. Namely, we join a pair of I.Icosahedral II.Bipartite III.Tripartite IV.Hexagonal Figure 1 . 4 kinds of 6-point configurations with inseparability graphs points of a configuration by an edge (line segment in RP 2 ) if and only if it has no intersections with the lines connecting pairwise the remaining four points. According to the shape of this graph, we named these 6-point configurations icosahedral, bipartite, tripartite, and hexagonal (see Figure 1 ) and use the same names also for the corresponding Schläfli sixes. Segre observed that the complementary Schläfli six L ′ has to be of the same kind as L. To each of the four kinds of Schläfli sixes L, Segre (see [4] , §56) associated a diagram that we call Segre pentagram. Namely, let us denote by π i , i = 1, . . . 6-point configurations, this corresponds to labeling points by 1, . . . , 5 consecutively with respect to the pencil of lines passing through point 6; then on the conic passing through these 5 points, their consecutive order is σ(1), . . . , σ(5) (see Figure 2 ).
1.2.
The main result. Our aim in this paper is to find the place of the four kinds of real Schläfli sixes in the Mazurovskiȋ deformation classification of configurations of 6 skew lines in RP 3 . By deformation in that context we mean a path is the space of all configurations of 6 skew lines. The Mazurovskȋ classification is expressed in terms of join n-configurations formed by n skew lines that have two common transversals. Namely, let us fix a pair of skew lines L p , L q ⊂ RP 3 oriented so that the linking number lk(L p , L q ) is negative, and choose points p 1 , . . . , p n ∈ L p and q 1 , . . . , q n ∈ L q numerated consecutively with respect to the orientations. Then with any permutation σ ∈ S n we can associate join configuration Figure 3 cannot be deformed into join configurations. J(123654) Figure 3 ) or its mirror partnerM if L is icosahedral. the set of connected components of C n , which can be viewed also as deformation equivalence classes, where the equivalence means existence of a path (deformation)
A mirror partnerL of L ∈ C n as it was defined in Subsection 1.2 is not unique, but its class [L] ∈ C n is well-defined, depends only on [L] and will be called
will be called coarse deformation class of L, and the set of coarse deformation classes in C n will be denoted by C n . The set of real Schläfli sixes will be denoted by Sch, its set of connected components (deformation equivalence classes) by [Sch] , and the set of coarse deformation classes by Sch (mirror partners and chirality/achirality are defined similarly). [4] does not contain in fact an explicit classification of real Schläfli sixes: it contains instead a deformation classification of real double sixes in §56 (existence of four deformation classes). Along with his description of the monodromy (permutations of their lines under deformations), it implies that a pair of Schläfli sixes forming a double six must be mirror partners (and in particular, must be of the same kind), which immediately implies Theorem 2.1.1.
Join and spindle configurations.
Returning to the definition of J(σ) for σ ∈ S n , note that neither a cyclic shift of numeration of the points p i ∈ L p , nor such a shift for points q i ∈ L q may change the class [J(σ)]. In other words,
, where c 1 , c 2 ∈ S n are cyclic permutations. So, J(σ) depends only on the orbit denoted [σ] of the corresponding action of Z n × Z n on S n . By analogy with the Segre pentagrams, we can associate to σ ∈ S n a permutation diagram formed by the vertices of a regular n-gon which are consecutively numer- ated by 1, 2, . . . , n in counterclockwise direction and are connected by a broken line σ(1), σ(2), . . . , σ(n), σ(1). Passing from σ to its class [σ] means that we forget the numeration of the vertices and consider such diagrams equivalent if they differ by a rotation. The coarse deformation class J(σ) can be similarly encoded by a coarse diagram, in which we forget also the direction of edges and which we do not distinguish from its reflection across a line, see examples for n = 4, 5 on Figure 4 and for n = 6 on Figure 5 .
We say that a configuration L = {L 1 , . . . , L n } of skew lines is a spindle configurations, if its lines have one common transversal called the axis of L. Such a configuration is deformation equivalent to a join configuration J(σ) where σ ∈ S n can be found like in the definition of Segre for n = 5. Namely, let π i denote the plane spanned by L i and the axis, L s , of a spindle configuration L. Let us choose the numeration of lines L i so that π i appear consecutively in the pencil of planes rotating around axis L s in the negative direction with respect to some chosen ori-
s which defines a permutation σ ∈ S n (up to cyclic shifts, like in the case of join configurations).
Proposition. If the above construction associates to a spindle configuration
Proof. Note that rotation of each line L i around point s i in the plane π i does not lead to intersection with the other lines of L as long as we rotate apart from the axis L s . So, we can choose any line L p disjoint from L s , and by such rotation of each L i make it pass through the point p i = L p ∩ π i . The joint configuration that we obtain realizes clearly the same permutation σ as L. For n = 6 a deformation classification was obtained by V. Mazurovskiȋ [3] . 
is independent of the orientations of lines L i and of their order (cf. [2] ).
where r abc is the number of inversions of order in the sequence a, b, c.
Proof. Our convention on the orientations of L
For L ∈ C n we can count the numbers n ± (L) of triples
It is clearly a deformation invariant of configurations L ∈ C n , and sgn(L) = − sgn(L) for a mirror partnerL or L. For n = 5 this invariant turns out to be complete: it is different for different deformation classes [L] ∈ [C 5 ]. Namely, for J(σ) where σ is (12345), (12354), (13425), and (13524) the signature is respectively 10, 4, 2, and 0, and forJ(σ) the signature is opposite.
Internal adjacency and reducibility. Following [2], we call a pair of lines
t) ∈ C n for t ∈ [0, 1), and the limit configuration L(1) has n − 1 skew lines, one of which is double line L i (1) = L j (1) (result of merging). A configuration L is called reducible if it contains an internally adjacent pair of lines, and irreducible otherwise.
One can easily show that a join configuration J(σ) is irreducible if and only if |σ(i + 1) − σ(i)| > 1 for i = 1, . . . , n (here, σ(n + 1) is σ(1)), which means that a permutation diagram of σ does not contain a side of the n-gon. In particular, from Figure 5 one can conclude that irreducible join configurations in C 6 form only one deformation class J(135264) (cf. [3] ). It was also observed in [3] that the configurations L, M and their mirror partners are irreducible too.
2.6. Signature spectrum. By the signature spectrum of a configuration L = {L 1 , . . . , L n } ∈ C n , we mean the list of signatures of its subconfigurations L {L i }, i = 1, . . . , n: each value of signature appears with a multiplicity indicated how many times it occurs, so that the sum of all multiplicities is n. Clearly, the signature spectrum is a deformation invariant of L that refines sgn(L) and can be easily calculated for join configurations using Lemma 2.4.1. As an invariant of coarse deformation equivalence, we can use coarse signature spectrum in which instead of signatures of subconfigurations L {L i } we list only their absolute values. The table on Figure  6 contains the results of calculation of such spectra for 6-configurations: the last column contains pentagram spectra, in which pentagrams of 5-subconfigurations replace the corresponding signatures (see Subsection 2.4). . . , L 6 } on a cubic surface X we associated in Subsection 1.1 a planar configuration P = {p 1 , . . . , p 6 } ⊂ P 2 obtained by contraction lines L i on X to point p i . This construction is invertible: by blowing up plane P 2 we obtain a del Pezzo surface of degree 3 that can be embedded to P 3 by anti-canonical linear system and realized there as a cubic surface; the exceptional divisors of blowing up at p i become lines L i . This gives an isomorphism of the moduli spaces formed by projective classes of pairs (X, L), where cubic X is non-singular, and projective classes of 6-point configurations P ⊂ P 2 , which are generic (contains no collinear triples of points and all 6 points are not coconic). GIT gives an extension of this isomorphism to cubic surfaces with a node (see [1] , §8-9, particularly Remark 9.4.1): the corresponding configurations P have either (a) a collinear triple, or (b) all 6 points coconic, or (c) a pair of merged points (in the sense of Hilbert schemes). In the cases (a) and (b) the corresponding lines on X 0 remain distinct, but the corresponding triple in case (a) or all six in case (b) pass through the node. In the case (c), the pair of lines that represent merging points should merge on the nodal cubic, while the other 4 lines do not intersect neither each other nor the double line. Proof. Any given real Schläfli six L = {L 1 , . . . , L 6 } realized on some real cubic surface X is represented by a configurations of six points in general position, P = {p 1 , . . . , p 6 } ⊂ P 2 as explained above. If L is not icosahedral, then the inseparability graph of P has some edge, [p i p j ] (see Figure 1) . Let p i (t), t ∈ [0, 1], be a parametrization of this edge, so that p i (0) = p i , p i (1) = p j , and P(t) ⊂ P 2 denote the configuration formed by the five fixed points of P {p i } and one moving point p i (t), so that P(0) = P and P(1) has a double point p j . The correspondence between pairs (X, L) and configurations P extended to P(t) yields a continuous
Note that under our assumption, points of P(t) are in general position for any t ∈ [0, 1). Namely, point p i (t) is not collinear with any pair of other points of P(t) by definition of the inseparability graph. Also, all six points of P(t) cannot be coconic, unless configuration P is hexagonal (and this case is excluded from the Lemma). To show the latter fact, note that for a conic passing through the 5 points of P {p i } and intersecting edge [p i p j ] at an interior point, p 
Proof. It is sufficient to verify that the absolute value | sgn(L ′ )| for any configuration It follows that L ∈ C 6 is a homogeneous configuration if and only if Γ L is a regular graph (the degrees of all vertices are the same).
For real Schläfli sixes L it is easy to differ chiral 4-subconfigurations from achiral ones using the corresponding 6-point configurations P ⊂ P 2 on Figure 1 
4.2.
Cubic surfaces of type F 2 . One may consider configurations of skew real lines on real non-singular cubic surfaces X of types other than F 1 . In the case of type F 2 , among the 15 real lines on X one can find maximum 5 disjoint ones. By blowing down them in X we obtain 5 generic points on an ellipsoid (such that no 4 points are coplanar). As it was observed by Segre [4] , such 5-point configurations form one real deformation class. Thus, configurations of 5 real skew lines on X of type F 2 belong to the same coarse deformation class in the Viro list (see Subsection 2.3). Arguments similar to the ones in Lemma 3.2.1 imply that this class is J(12345) . For cubics of other types our question is trivial: if X has types F 3 , F 4 and F 5 then the maximum number of disjoint real lines on X is respectively 3, 1 and 1.
4.3. The Viro 2-cocycle. For any set 4 skew lines,
(see [2] ). This is just a cocycle relation for lk(L i , L j , L k ) that is viewed as a Z/2-valued simplicial 2-cochain of the simplex ∆ L with the vertex set L = {L 1 , . . . , L n }. Here L is any configuration of skew lines in RP 3 , and the coefficients group Z/2 appears in multiplicative form, as group {1, −1}.
We may consider also a pair of complementary to each other Z/2-valued 2-chains. One is the sum of 2-simplices [L i L j L k ] such that lk(L i , L j , L k ) = 1, and the other is the sum of such 2-simplices with lk(L i , L j , L k ) = −1. In general they need not to be cycles, but, clearly, for n = 6, if one of them is a cycle, then the other one is a cycle too. Moreover, it turns out that for n = 6 these 2-chains are 2-cycles if and only if L is homogeneous, and in particular, it is so in the case of Schläfli sixes. 
